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Nonlinear Transient Neutralization Theory
of Ion Beams with Dissipation

H.E. Wilhelm*
Colorado State University, Fort Collins, Col.

An analytical theory of nonlinear neutralization waves generated by injection of electrons from a grid in the
direction of a homogeneous ion beam of uniform velocity and infinite extension is presented. The electrons are
assumed to interact with the ions through the self-consistent space charge field and by strong collective in-
teractions. The associated nonlinear boundary-value problem is solved in closed form by means of a von Mises
transformation. It is shown that the electron gas moves into the ion space in the form of a discontinuous
neutralization wave. This periodic wave structure is damped out by Intel-component momentum transfer, i.e.,
after a few relaxation lengths a quasineutral beam results. The relaxation scale in space agrees with
neutralization experiments of rarefied ion beams, if the collective momentum transfer between the electron and
ion streams is assumed to be of the Buneman type.

I. Problem
HITHE neutralization of a rarefied ion beam by
jL injection of an electron gas is a nonlinear process in which

electron-ion interactions through the self-consistent space
charge field play a predominant role. In the final stages of the
neutralization, intercomponent momentum transfer and, to
some extend, also diffusion resulting from pressure gradients
become significant as dispersion mechanisms of periodic,
local neutralization unbalances. As will be shown, the elec-
tron gas moves into a collisionless ion beam in the form of a
regular nonlinear wave or a shock wave, depending on
whether the electron injection density is above or below a
critical value. For this reason, it is distinguished between a)
"nonlinear neutralization waves" (no electron sheet cross-
ing)1'2 and b) "neutralization shock waves" (with electron
sheet crossing).1'2 Both phenomena exhibit a discontinuous
wave front ahead of which the electron density is zero.

As a model, a quasihomogeneous ion beam of infinite ex-
tension is considered, i.e., the density N and velocity V of the
beam are assumed to be uniform. The electrons are injected
with a prescribed current density j ( t ) in the downstream
direction (j\\ V). The homogeneous ion beam model is
adequate for analyzing and understanding the basic properties
of transient neutralization waves. The previous analytical
work has been concerned with steady-state electron-ion
neutralization without dissipation in homogeneous ion
beams.3'6

II. Theoretical Formulation
An ion gas of homogeneous density TV and uniform velocity

V parallel to the x-axis is considered in the space Ijcl <oo,
\y\ <oo, Izl <<». This infinite ion beam is bisected by per-
meable grid in the plane x = 0, from which electrons are ejec-
ted with the current density j ( t ) in the direction of F(Fig. 1).
The field equations for the electron velocity v(x,t), electron
density n(x,t), and the self-consistent electric field E(x,t)

= 4ire(N-n) (3)

are'

dv/dt + v(dv/dx) = - (e/m)E-v(v-V)

dn /dt=-(d / d x ) ( n v )

(1)

(2)
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where e>0 is the elementary charge and m is the electron
mass. The term -v(v— V) describes the intercomponent
momentum transfer between electrons and ions (v is the
relaxation frequency). The injection of electrons with the
current density j ( t ) into the ion beam from the grid plane at
x = 0 is taken into consideration by the boundary conditions

{(4ir)-}[dE(x,t)/dt]-en(x,t)v(x,t)}x=0=j(t)

t>0

E(x,t)x=0 =

(4)

(5)

(6)

Equation (4) expresses the continuity of displacement and
convection currents at the injection plane x= + 0. Equations
(5) and (6) represent the conditions for space charge limitation
at the emitter.3'4'8

The electrons are assumed to be injected from the emitter at
x = Q in the form of a step impulse. For this injection model,
the electron current density in Eq. (4) is given by

where

and

j(t)=i0H(t)

H(t)=l t>+0

H(t)=0 t<-0

i0=—en0v0<0 o=—Ne/i0>0

(7)

The following mathematical considerations are valid for
any dissipative mechanism characterized by a relaxation
frequency v, provided that the intercomponent friction force
is linear in ( v — V ) . In the application to ion beam
neutralization, Buneman's relaxation frequency,l

p = (m/M) ]A u=(4irNe2/m) * (8)

is used, which takes into consideration the strong collective
("turbulence" due to the two-stream instability) momentum
exchange between the electron and ion streams.

Equations (1-6) represent the nonlinear boundary-value
problem for the transient neutralization process in the ion
beam which takes place in the region *>0. Thermal effects
are not taken into consideration, Vp = 0. The neglect of ther-
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mal forces, which oppose compression, leads to the "over-
taking of electron sheets"1'2 and "multivalued flow"1'2 only
if the electrons are injected with a small density n0. These
phenomena cannot be treated within the frame of a) the zero-
temperature approximation and b) the von Mises trans-
formation,9'10 on which the analysis is based. As will be
shown, the theory is applicable to electron injection densities
N/2<n0<oo.

III. Closed Form Solution
The nonlinear boundary-value problem defined in Eqs. (1-

6) is solvable by a von Mises transformation.9'10 Let a stream
function \l/ = \j/(x,t) be introduced, which automatically
satisfies Eq. (2), by the relations

dt/dt=nv/N dt/dx=-n/N (9)

The stream function is constant along the trajectories of the
electron fluid since

dt
nv

dt dx

The Jacobian is

J[[(x,t)/(t,t)]}=dx/dt\t*0

for n (x,t) < oo. For such solutions, it is permitted to introduce
(t,t) as independent variables in place of (x,t);

x=x(\l/,t) t = t

~n(t,t) E(x,t)-»E(t,t) (11)

Since

v = dx
~d7

dx

dt

that is

and

dv
~d7

dv
17 + v-dv

dx

dt dx
t dt dt

!* = <

dv

dx
17

(12)

dv
17

dv
17

it follows that

dv/dt + v(dv/dx) =d2x/dt2\,

(13)

(14)

Thus, by changing to the independent variables (\l/,t) and
considering the interrelations in Eqs. (10, 11, and 14) the
nonlinear Eqs. (1-3) are reduced to an inhomogeneous, dam-
ped, linear oscillator equation for x =x ( \l/,t) :

(15)

(16)

where

j ( t ' ) d t r

by the boundary condition in Eq. (4). The general solution of
Eq. (15) is readily derived by means of Lagrange's method.
From x(t,t) one obtains v(t,t) by partial differentiation

d/dt)j, of x(t,t) [Eq. (12)], and n(t,t) by partial dif-
ferentiation d/dt)t of x(t,t) [Eq. (9)], andE(t,t) by sub-
sequent integration of Eq. (3) and substitution of x(\t/,t). The
two integration constants A(\l/) and B (t) in x (\l/, t) are deter-
mined by the boundary conditions in Eqs. (5) and (6). Thus,
one finds the following analytical solutions of the nonlinear
boundary-value problem in Eqs. (1 -6):

*,t)-QtH(t) (17)

v(t,t)/a-]=H(t) - [ H ( r ) -N/n0]

[ H ( r )

+N/n0]-2aV}exp[-v(t-T) (18)

n(t,t)/N=H(r) [ H ( r ) -exp[ -v(t-r)/2]

X { [ H ( r ) -N/n0]costt(t-T) + { (v/2Q) [ H ( r )

(19)

where

= QtH(t) -aQt- (vQ /co2) [ H ( t ) -oV}

(N /n0)-[l-2(v/2u)2}H(r)-2(v/2u)2oV}

-v(t-r) /2]sinQ(/-r) + { (uQ /co)2[//(r)

K] )exp[-^(/-r) /2]cosO(r-T)

and
2 > 0

(20)

(21)

(22)

is assumed to be real [see Eq. (8) ) .
Equations (17-19) represent a parametric solution of \I/, t

where the parameter \j/ = t(x>t) is given for every pair of
values of the independent variables x and t by Eq. (20). Since
T =t for x = 0, Eqs .( 1 7-20) give

= 0,t) =0 v(x = 0,t) =v0 n(x = 0,t) =n0H(t)

in accordance with Eqs. (4-6).
Physically, Eq. (20) gives the stream function t = \l/(x,t) ,

where t(x,t) >0 by Eq. (21), for every point x of that region
jc>0 which is occupied by electrons at time t. The limit, \l/
(x,t) =0, defines a function x=x(t), which represents the
moving position coordinate of the front of the electron gas.
By Eqs. (17-19), the fields E(t,t), v(\I/,t), andn(t,t) depend
exclusively on (t — T), i.e., on x by Eq. (20). The spatially
periodic field configuration, which grows with the speed
dx(t)/dt into the space jc>0, represents a (nonlinear)
"neutralization wave." The appearance of discontinuous
wave solutions is typical for hyperbolic problems.9

Equations (17-21) are based on a nonlinear transformation
which exists if

or n(t,t) <oo in Eq. (19). Accordingly, the theory does not
describe crossing of electron sheets,1'2 i.e., it is restricted to
electron injection densities n0 above a minimum value

N/(2 + e) <n0<<x> e«l v«2u

by Eq. (19), which exhibits singularities for n0<N/(2 + e).
For the purpose of neutralization, electron injection densities
n0<N/2 are hardly of any technical interest.
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IV. Dissipative Neutralization
Equations (17-21) describe a nonlinear electron

neutralization wave which is spatially damped as a result of
the irreversible friction between the electron and ion streams.
The position x ( t ) of the neutralization front is obtained from
Eq. (20)asthelimitJc(0=*(i/'-ftO

oQx(t) =QtH(t) - [H(t) -oV} + [ { (N /n0)

(23)

by Eq. (21). It follows for the speed of the neutralization front

- { (l-N/n0) cosQ/

(24)

by Eq. (18). In the region ahead of the neutralization front,
*>*(t), it is T<0 and ̂  = 0 by Eq. (21). Accordingly,

n(x,t)=0 v(x,t)=0 f o T X > x ( t ) > 0

whereas E(xtt)^0 for x>x(t) by Eq. (17). Equation (17)
yields

dE /dx = and dE /dt= -mu2 /oe for \l/ =

in accordance with Eqs. (2) and (3) for n = 0.
For the graphical representation of the wave fields n (x, t) ,

E(x,t) , and v (x,t), let nondimensional variables and fields be
introduced by the substitutions

x/x0=x t/t0 = f t/x0 = $ (25a)

E/E0=E v/V0 = v V/V0=V n/N0 = n (25b)

where

x0 = 1 t0 = 7 /0 /atte

= l /a N0^N a=N/n0

(26a)

(26b)

into the Eqs. (17-21). The (e — /) momentum transfer frequen-
cy v is calculated for ions of the mass M of mercury by means
ofEq.(8).

In Fig. 2, the nondimensional fields n ( x , f ) , E ( x , f ) , and
v(x,t) [Eqs. (17-19)] of the neutralization wave are shown vs
0 <je<jc(0/*0attime/=107r, witho: = 0, 1.1, and V=102a
as parameters, and

v /2u = (m /M) y3/4ir= 1.107 X 10'5

for mercury ions. As a result of the periodic over and under
"neutralization" (Fig. 2a), the self-consistent electric field
E(x, t) periodically changes its direction (Fig. 2b). It is
x(t=10ir)/x0=20ir by Eq. (23). For other times f=t the
fields of the neutralization wave exist only up to the point
x = x ( f ) , e.g., the broken^ lines in Fig. 2 represent the
neutralization front at time t = 2ir.

The momentum transfer between the electron stream and
the ion beam results in an amplitude asymmetry which is
clearly visible in the case a = 1 . 1 of Fig. 2 and damping of the
standing wave amplitudes as shown in Fig. 2. Equation (20)
shows that, for large values of (t—r), x(\I/,t) approaches the
limit (dimensional)

Hence

n(x,t)-»N

t-r»2 Iv (27)

for A«x<x(t) (28)

Fig. 1 Schematic represen-
tation of infinite ion beam (V)
with electron current injection j
from grid plane at x=0.
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Fig. 2 Nondimensional a) electron density field n(x,t), b) electric
field E(x,t), and c) velocity field v(x,i) of neutralization wave vs
nondimensional x for f = Mhr and a = 0.1; 1.1.

E(x,t)-~-(vm/ae)(l-oV) for A«x<x(t) (29)

where

A=2 /av=(2 Iv) \i0\/Ne (30)

by Eqs. (17-19) and (27). Equation (28) indicates that the elec-
tron density n equals the ion density NforA«x<x(t), and
the electron stream velocity is

v(x,t) = (n0/N)v0 A< <x<x(t) (31)

This means that a complete neutralization (n=N) is reached
about three relaxation lengths A downstream of the emitter at
x = 0. The electron current density i0= -en0v0 is conserved
before and after the neutralization since

n(x,t)v(x,t) =N> (n0/N)v0 = n0v0 A«x<x(t) (32)

by Eq. (28). In the neutralized region, 3A<;c< jp(0, of the
ion beam, the electric and inter-component friction forces are
in balance

-eE-vm[(n0/N)v0-V}=0 A«x<x(t) (33)

by Eq. (29). It is remarkable that the neutralization is brought
about by irreversible momentum exchange between the elec-
tron and ion streams. The relaxation length for neutralization
decreases as the electronrion interaction increase, and A—oo
for v^0 by Eq. (30). Figure 2 shows the neutralization wave
in the initial stage before any significant neutralization has oc-
curred, so that jc( f= !OTT) < <A.

For neutralization experiments, it is noted that the
relaxation length A decreases with increasing ion density N
and decreasing electron current I / 0 I , as well as increasing in-
teraction frequency *>(AO. In Fig- 3,, the relaxation length A
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Fig. 3 Relaxation length A in dependence of \i0\ and TV.

for neutralization is plotted in dependence of the electron in-
jection current \10\ [amp-cm'2] with the ion density
N[cm~3] as a parameter for mercury ions (M= 200.59 amu)
and the interaction frequency in Eq. (8).

The reference values x0, t0, E0, V0, and N0 defined in Eq.
(25) determine the characteristic scales and actual magnitude
of the fields of the neutralization wave. As a numerical exam-
ple, consider a mercury ion beam and an electron injection
current for which

7V=109cnr3 \i0\ =10-3 amp-cm ~2

Hence

x0=3.691xl04(l-t32)-l/2\i0\N-3/2=3.502xlO-3cm

E0=2.227xlO-4(l-f32)l/2\i0\N-l/2

=2.113 xlO-2cgsu

V0 = 2.082xl09\i0\N-] = 6.

N0=N=109cm~3

and

A = 3.691xl04l3-I\i0\N-3/2 =3.163 x!0°cm

For the above numerical values of N, \i0\, and /3, the
"wavelength" of the neutralization wave in Fig. 2 is Ax =

6x0 = 2.101xlO~2cm. The electron density in Fig. 2a fluc-
tuates by + An = 0.9N0 =9x 108cm ~3 for N/n 0 = 0. 1 and by
+ An = Q.2N0=2xl08cm-3 for N/n 0 = 1.1 in the un-
neutralized ion beam. The electric field in Fig. 2b fluctuates
by ±AE= 0.9E0=5. 705 volt cm'7 for N/n0 = 0.1 and by
±AE=0.5E0 = 3.170 V-cm'1 for N/n0=l.l. The velocity
field in Fig. 2c fluctuates by ± Av = 0.9V0 = 5.621 x IO6 cm-
sec"1 for N/n 0 = 0.1 and by 106cm-
sec~7 for N/n 0 = l. I . A complete neutralization should be
achieved after a length of about 3A = 9.489 cm. It is noted
that the magnitudes of the relaxation length A and of the fluc-
tuations An, AE, Ai> change considerably as i0 and N are
varied, since Aoc| /0 | N~3/2, N0=N, E0oc\i0\ N~l/2 and
V0<x \i0\ TV-7 while /3=v/2u = (m /M) l/3/4iris fixed.

V. Conclusions
The neutralization of ion beams occurs through a

nonlinear, discontinuous electron wave, which is spatially at-
tenuated as a result of dissipation, with a neutralization length
A [Eq. (30)] . In the absence of irreversible momentum
transfer between the electron and ion components,
neutralization is not possible (A = oo for ^=0).

If the electrons are injected with a density n0, which is equal
to the ion density TV, then the neutralization occurs through a
discontinuous electron wave of the form of a propagating step
impulse of height n0=N. This special case represents the op-
timum situation for neutralization experiments.

The neutralization wave theory presented explains the
neutralization observed in ion beams of ion propulsion
systems11'12 Equation (30) gives a neutralization length A of
the same order of magnitude as the observed neutralization
length.11'12

Measurements on the temporal and spatial development of
the neutralization and the "fine-structure" of the in-
completely neutralized ion beam have evidently not been
reported. Only very recently, phenomena such as low-
frequency fluctuations in ion beams have been studied ex-
perimentally.13
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